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Abstract. A further analogue of Newton’s binomial formula was introduced in the (q, h)-
deformed quantum plane by Benaoum, leading to a more generalized analysis, called a (q, h)-
analysis. The purpose of this paper is to establish some further interesting properties for (q, h)-
analysis. The (q, h)-analogue of the multinomial formula, the (q, h)-reciprocal formula and (q, h)-
analogues of Chu’s and Vandermonde’s identities are obtained.

The q-analysis is an extension of the ordinary analysis by the addition of an extra parameter
q. In [1], the h-analogue of Newton’s binomial formula was introduced, leading to a new
analysis, called a h-analysis.

Recently, in [2], a further analogue of Newton’s binomial formula was introduced in
the (q, h)-deformed quantum plane, leading to a more generalized analysis, called a (q, h)-
analysis. With this generalization, the q-analysis, h-analysis and ordinary analysis are
recovered by taking h = 0, q = 1 and (q = 1, h = 0), respectively. Benaoum considered
Manin’s q-plane x ′y ′ = qy ′x ′, by the following linear transformation (see [3] and references
therein): (

x ′

y ′

)
=
(

1 h
q−1

0 1

)(
x

y

)
.

Manin’s q-plane changes to

xy = qyx + hy2.

Even though the linear transformation is singular for q = 1, the resulting quantum plane
is well defined. Benaoum obtained the (q, h)-Newton binomial formula:

(x + y)n =
n∑

k=0

[
n

k

]
(q,h)

ykxn−k

where

[
n

k

]
(q,h)

are called (q, h)-binomial coefficients, given as follows:

[
n

k

]
(q,h)

=
[

n

k

]
q

hk(h−1)[k]
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with

[
n

0

]
(q,h)

= 1 and (a)[k] = ∏k−1
j=0(a + [j ]q), and

[
n

k

]
(q,h)

obeys the following properties,

1 < k < n: [
n + 1

k

]
(q,h)

= qk

[
n

k

]
(q,h)

+ (1 + h[k − 1]q)

[
n

k − 1

]
(q,h)

and [
n + 1
k + 1

]
(q,h)

= (1 + h[k]q)
[n + 1]q
[k + 1]q

[
n

k

]
(q,h)

.

The purpose of this paper is to establish some further interesting properties for (q, h)-
analysis.

First of all, we give several propositions, which are to be used later. These propositions
can be proved by induction. Here we choose not to state their proofs.

Proposition 1.

xmyn =
m∑

l=0

[m]q!

[m − l]q!

∑
r1+···+rn=l

qmn−nr1−(n−1)r2−···−rnhlyn+lxm−l .

It is a generalization of the following result.

Corollary. (Benaoum [2])

xky =
k∑

r=0

[k]q!

[k − r]q!
qk−rhryr+1xk−r

and

xyk = qkykx + h[k]qy
k+1.

Proposition 2.

ykx = 1

qk
(xyk − h[k]qy

k+1)

and

yxk =
k∑

i=0

C(k, i)[i]q!hixk+1−iyi+1

where C(k, i) are defined by

C(k, 0) = 1

qk

C(k, 1) = −[k]q
1

q2k−1

and

C(k + 1, i) = 1

qi+1
(C(k, i) − qC(k, i − 1)).

Proposition 3.

ymxn =
n∑

l=0

∑
r1+···+rm=l

C(n, r1)C(n − r1, r2) . . . C(n − r1 − r2 − · · · − rm−1, rm)

×[r1]q![r2]q! . . . [rm]q!hlxm−lym+l .
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By successive use of proposition 3 it is easy to obtain another form of the (q, h)-Newton
binomial formula:

(x + y)n =
n∑

k=0

[
n

k

]
(q,h)

n−k∑
l=0

∑
r1+···+rm=l

C(n − k, r1)C(n − k − r1, r2)

× . . . C(n − k − r1 − r2 − · · · − rk−1, rk)[r1]q![r2]q! . . . [rk]q!hlxn−k−lyk+l .

Using proposition 1 and induction, there is an immediate generalization to m variables.

Theorem 1. (The (q, h)-analogue of the multinomial formula)

(x1 + x2 + · · · + xm)n =
∑

k1+k2+···+km=n

[
n

k1, k2, . . . , km

]
(q,h)

xk1
m x

k2
m−1, . . . , x

km

1

where xixj = qxjxi + hx2
j if and only if i < j , and the (q, h)-multinomial coefficients are

given as [
n

k1, k2, . . . , km

]
(q,h)

= [n]q!

[k1]q![k2]q!, . . . , [km]q!

m−1∏
i=1

ki−1∏
j=1

(1 + (m − i)h[j ]q)

where k1 + k2 + · · · + km = n. The (q, h)-multinomial formula in turn implies the recurrence
relation for the (q, h)-multinomial coefficients:[

n

k1, k2, . . . , km

]
(q,h)

=
[

n − 1
k1 − 1, k2, . . . , km

]
(q,h)

(1 + (m − 1)h[k1 − 1]q)

+

[
n − 1

k1, k2 − 1, . . . , km

]
(q,h)

qk1(1 + (m − 2)h[k2 − 1]q)

+

[
n − 1

k1, k2, k3 − 1, . . . , km

]
(q,h)

qk1+k2(1 + (m − 3)h[k3 − 1]q) + · · ·

+

[
n − 1

k1, k2, k3, . . . , km−1 − 1, km

]
(q,h)

qk1+k2+···+km−2(1 + h[km−1 − 1]q)

+

[
n − 1

k1, k2, k3, . . . , km−1, km − 1

]
(q,h)

qk1+k2+···+km−1 .

Corollary. (Johnson [5])

(x1 + x2 + · · · + xm)n =
∑

k1+k2+···+km=n

[
n

k1, k2, . . . , km

]
(q)

xk1
m x

k2
m−1, . . . , x

km

1

where xixj = qxjxi if and only if i < j , and the Gaussian multinomial coefficients are given
as follows: [

n

k1, k2, . . . , km

]
(q)

= [n]q!

[k1]q![k2]q!, . . . , [km]q!

where k1 + k2 + · · · + km = n.

Theorem 2.

n∑
v=0

[
n

v

]
(q,h)

G(q,h)(v, k) =
n∑

v=0

G(q,h)(n, v)

[
v

k

]
(q,h)

= δn,k

where G(q,h)(n, k) are defined by
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G(q,h)(n, k) = 0 if n < k, G(q,h)(n, 0) = 1,

G(q,h)(n + 1, k) = 1

1 + h[n]q
G(q,h)(n, k − 1) − qn

1 + h[n]q
G(q,h)(n, k).

Proof.

G(q,h)(n, k − 1) =
n∑

i=0

G(q,h)(n, i)δi+1,k

=
n∑

i=0

G(q,h)(n, i)

i+1∑
j=0

[
i + 1

j

]
(q,h)

G(q,h)(j, k)

=
n∑

i=0

G(q,h)(n, i)

i+1∑
j=0

(
qj

[
i

j

]
(q,h)

+(1 + h[j−1]q)

[
i

j−1

]
(q,h)

)
G(q,h)(j, k)

=
n∑

j=0

(qjG(q,h)(j, k) + (1 + h[j ]q)G(q,h)(j + 1, k))

n∑
i=j

G(q,h)(n, i)

[
i

j

]
(q,h)

=
n∑

j=0

(qjG(q,h)(j, k) + (1 + h[j ]q)G(q,h)(j + 1, k))δnj

= qnG(q,h)(n, k) + (1 + h[n]q)G(q,h)(n + 1, k).

�

Theorem 3. (The (q, h)-binomial reciprocal formula) Let {ak} and {bk} be any two
sequences of complex numbers. Then the following reciprocal formula holds:

an =
n∑

k=0

[
n

k

]
(q,h)

bk

bn

n∏
j=0

(1 + [j − 1]qh) =
n∑

k=0

(−1)n−k q
1
2 (n−k)(n−k−1)∏k

j=0(1 + [j − 1]qh)

[
n

k

]
(q,h)

ak.

Proof. It is easily seen that the sequences

(−1)n−k q
1
2 (n−k)(n−k−1)∏n

i=0(1 + [i − 1]qh)
∏k

j=0(1 + [j − 1]qh)

[
n

k

]
(q,h)

satisfy the recurrence relation of G(q,h)(n, k) in theorem 2. �

Corollary 3.1. The binomial reciprocal formula, Gaussian binomial reciprocal formula and
h-binomial reciprocal formula are the special cases of the (q, h)-binomial reciprocal formula.

Theorem 4. (The (q, h)-analogue of symmetrical and trinomial modified identities of binomial
coefficients, see [4])[

n

k

]
(q,h)

= (1 + [1]qh)(1 + [2]qh) . . . (1 + [k − 1]qh)

(1 + [1]qh)(1 + [2]qh) . . . (1 + [n − k]qh)

[
n

n − k

]
(q,h)

and[
n

k

]
(q,h)

[
k

l

]
(q,h)

= (1 + [1]qh)(1 + [2]qh) . . . (1 + [k − 1]qh)

(1 + [1]qh)(1 + [2]qh) . . . (1 + [k − l]qh)

[
n

l

]
(q,h)

[
n − l

k − l

]
(q,h)

.
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Proof. Apply

[
n

k

]
(q,h)

=
[

n

k

]
q

hk(h−1)[k]. �

Theorem 5. (The (q, h)-analogue of Chu’s identity)
n−k∑
i=0

qik(1 + h[k − 1]q)

[
n − 1 − i

k − 1

]
(q,h)

=
[

n

k

]
(q,h)

.

Proof. Apply the recurrence relation of (q, h)-binomial coefficients. �

Theorem 6.
k∑

i=0

qi(n−k) (1 + [1]qh)(1 + [2]qh) . . . (1 + [k]qh)

(1 + [1]qh)(1 + [2]qh) . . . (1 + [k − i]qh)

[
n − 1 − i

k − i

]
(q,h)

=
[

n

k

]
(q,h)

.

Proof. Apply theorems 4 and 5. �

Theorem 7. (The (q, h)-analogue of Vandermonde’s identity)[
n + m

i

]
(q,h)

=
∑

k+r+l=i

[
n

k

]
(q,h)

[
m

r

]
(q,h)

[n − k]q!

[n − k − l]q!

∑
t1+···+tr=l

q(n−k)r−rt1−(r−1)t2−···−tr hl .

Proof.
n+m∑
i=0

[
n + m

i

]
(q,h)

yixn+m−i = (x + y)n+m

= (x + y)n(x + y)m

=
n∑

k=0

[
n

k

]
(q,h)

ykxn−k
m∑

r=0

[
m

r

]
(q,h)

yrxm−r

=
n∑

k=0

m∑
r=0

[
n

k

]
(q,h)

[
m

r

]
(q,h)

ykxn−ryrxm−r

=
n∑

k=0

m∑
r=0

[
n

k

]
(q,h)

[
m

r

]
(q,h)

yk

×
n−k∑
l=0

[n − k]q!

[n − k − l]q!

∑
t1+···+tn=l

q(n−k)r−rt1−(r−1)t2−···−tr hlyr+lxn−k−lxm−r

=
n∑

k=0

m∑
r=0

[
n

k

]
(q,h)

[
m

r

]
(q,h)

×
n−k∑
l=0

[n − k]q!

[n − k − l]q!

∑
t1+···+tn=l

q(n−k)r−rt1−(r−1)t2−···−tr hlyk+r+lxn+m−k−r−l

=
n+m∑
i=0

( ∑
k+r+l=i

[
n

k

]
(q,h)

[
m

r

]
(q,h)

× [n − k]q!

[n − k − l]q!

∑
t1+···+tr=l

q(n−k)r−rt1−(r−1)t2−···−tr hl

)
yixn+m−i .

�
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Corollary 7.1.∑
k+r+l=i

[
n

k

]
(q,h)

[
n

r

]
(q,h)

[n − k]q!

[n − k − l]q!

∑
t1+···+tr=l

q(n−k)r−rt1−(r−1)t2−···−tr hl =
[

2n

i

]
(q,h)

.
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